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Abstract. We develop a theory of "quasi" -Hamiltonian G-spaces for which the 
moment map takes values in the group G itself rather than in the dual of the 
Lie algebra. The theory includes counterparts of Hamiltonian reductions, the 
Guillemin-Sternberg symplectic cross-section theorem and of convexity properties 
of the moment map. As an application we obtain moduli spaces of flat connections 
on an oriented compact 2-manifold with boundary as quasi-Hamiltonian quotients 
of the space x • • • x G^. 



1. Introduction 

The purpose of this paper is to study Hamiltonian group actions for which the 
moment map takes values not in the dual of the Lie algebra but in the group itself. 

For the circle group S"^ this situation has been studied in literature (see e.g. 
McD| , |Wm|| ). The standard example is the real 2-torus = x S^, with its 
standard area form and the circle acting by rotation of the first 5*^; the moment map 
is given by projection to the second . It is in fact known that every symplectic 
S^-action on a symplectic manifold for which the 2-form has integral cohomology 
class admits an S'^-valued moment map. 

In this paper we consider group valued moment maps for general non-abelian 
compact Lie groups G. One theory encountering group valued moment maps is the 
theory of Poisson-Lie group actions on symplectic manifolds [0 , ||LW|| , where G is a 
Poisson Lie group and the target of the moment map is the dual Poisson-Lie group 
G* . In it was shown that for compact, connected, simply connected Lie groups 
G this theory is equivalent to the standard theory of Hamiltonian actions. 

In this paper we introduce the notion of "quasi" -Hamiltonian (q-Hamiltonian) 
G-spaces consisting of a G-manifold M, an invariant 2-form u and a group valued 
moment map n : M ^ G satisfying certain natural compatibility conditions. It 
turns out that for non-abelian G these spaces differ in many respects from Hamil- 
tonian G-spaces. In particular, the conditions that the 2-form u be non-degenerate 
and closed have to be replaced by somewhat more complicated conditions. In spite 
of these differences, Hamiltonian reductions of these spaces are defined and result 
in spaces with symplectic forms. 

Basic examples for q-Hamiltonian G-spaces are conjugacy classes in G. Another 
example is the "double" D{G) = G x G generalizing the above T^-example. Note 
that for G compact and simply-connected, -D(G) does not admit a symplectic struc- 
ture because its second cohomology is trivial. Yet, it admits a (minimally degener- 
ate) q-Hamiltonian structure. 
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As an application we obtain the moduli space M(S) of fiat connections on a closed 
2-manifold S of genus as a q-Hamiltonian quotient of the space G"^^ . Our construc- 
tion is a reinterpretation of the construction due to Jeffrey[2ll and HuebschmannQ 



(see also [|GHJW|| ) which represents M(S) as a symplectic quotient of a certain finite 
dimensional non-compact symplectic space X (which is in fact an open subset of 
G"^^). Their construction is based on the group cohomology approach of Goldman [|G|, 
Karshon0] and Weinstein| W]. For another closely related construction see King- 
Senguptal 



We show that the space G"^^ admits a q-Hamiltonian structure with a G-valued 
moment map corresponding to the G-action by simultaneous conjugations. Then 
M(E) is obtained as a q-Hamiltonian quotient of G^^. The closedness and non- 
degeneracy of the 2-form on the moduli space follows from the basic properties of 
the reduction procedure. More generally, if S has a boundary and C = {Cj} are 
conjugacy classes of holonomies associated to the boundary components, the corre- 
sponding moduli space M(E,C) is a q-Hamiltonian reduction of the space G'^^^'^^^ 
where r + 1 is the number of boundary components. We will explicitly describe the 
2-form on G'^^'^^'^^ that gives rise to the symplectic form on moduli space and check 
that the answer coincides with Atiyah-Bott's | |AB| gauge theoretic construction of 
the symplectic form on M(S,C). 

The paper is organized as follows. The definition of a q-Hamiltonian G-space 
with G- valued moment map is given in Section 2. Section 3 contains basic examples 
of q-Hamiltonian G-spaces and Section 4 discusses some of their basic properties. 
In Section 5 we show that Hamiltonian reduction extends to the present setting. 
In Section 6 we define the "fusion product" of two G-Hamiltonian spaces, with 
moment map the pointwise product of the two moment maps. In Section 7 we 
prove a q-Hamiltonian version of the Guillemin- Sternberg symplectic cross-section 
theorem and discuss convexity properties of the moment map. In Section 8 we 
explain the relation of our theory to Hamiltonian loop group spaces, we prove 
that there is a natural one-to-one correspondence between compact q-Hamiltonian 
G-spaces and Hamiltonian LG-spaces with proper moment map. Section 9 contains 
the application of our results to moduli spaces of flat connections. In Section 10 
we explain the relation to the Lu-Weinstein theory of Poisson-Lie group actions on 
symplectic manifolds. 
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2. Quasi-Hamiltonian G-spaces 

In this section we recall the definition of Hamiltonian G-spaces with 0*-valued 
moment maps and then present our definition for "quasi" -Hamiltonian G-spaces 
with G-valued moment maps. 

2.1. Hamiltonian G-spaces. Throughout this paper G denotes a compact Lie 
group with Lie algebra q. A G-manifold is a manifold M together with an action 
A: G X M ^ M. Given g e G, x e M we will often write 

and for ^ G g we denote by the generating vector field on M. Given a closed 
invariant 2- form on a G-space {M,A), the contraction l{v^)uj is closed because 

dL{v^)u = C^^uj — L{y^)(\!jj = 0. 

In symplectic geometry, one is mainly interested in the case that l{v^)uj is exact and 
uj is non-degenerate: 

Definition 2.1. A Hamiltonian G-space {M,A,uj,fi) is a G-manifold {M,A), to- 
gether with an invariant 2-form u G f2^(M)*^ and an equivariant moment map 
fx e G°°(M,fl*)^ such that: 

(Al) The form u is closed: du = 0. 
(A2) The moment map satisfies 

l{v^)uj = d(/i, ^) for all ^ G g. 

(A3) The form u is non-degenerate. 

Simple consequences of the axioms are the following description of the kernel and 
image of the derivative of the moment map: 

(1) im(d,/i) = 0°, ker(d,./ir = {t;5(x),^G0}. 

Here is the isotropy algbra of x and 0°. its annihilator in q*, and for any subspace 
E C T^M the subspace E'^ := {v G T^M, lj{v,w) = for all w e E} is its u- 
orthogonal complement. 

2.2. q-Hamiltonian G-spaces. Let us try to develop the notion of a "quasi"- 
Hamiltonian G-space (M, A, uj, fi) with a G-valued moment map fi : M G. We 
denote by (■, ■) some choice of an invariant positive definite inner product on g 
which we use to identify = 0*, and by ^, 6' G Q^{G, q) the left- and right- invariant 
Maurer-Cartan forms. (In a faithful matrix representations for G, 6 = g~^dg and 
6 = dg g^^-) If G is abelian (so that 6 = 6), the natural replacement for the moment 
map condition is 

(2) tiv^)u; = ix*{6,0- 

If G is non-abelian, condition (^ does not work as it is incompatible with the 
anti-symmetry of u. One is forced to replace it by 

(3) ,^y^p = l^*^e + d,o. 
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If we want uj to be G-invariant this condition is no longer compatible with du; = 0: 
Indeed, 

(4) = C^^uj = idL{v^) + L{v^)d)u = ^fi*d {d + ^, + L{v^)duo. 

This equation can be rewritten as follows. Let x ^ ^^{G) denote the canonical 
closed bi-invariant 3-form on G: 

(5) x = ^{e,\e,e]) = ^{eAe,e])- 

Denote by and the right and left invariant vector field on G generated by ^. 
The fundamental vector field for the adjoint action is f ^ = f ^ — so that 

(6) L{v^)e = Ad,-i e - i{v^)e = e - Ad, ^ 

which together with the structure equations d^^ = —\[9., 9] and d^^ = ^[6', 6] gives 

(7) i{v^)x = \d{e + e,i). 

Using these formulas condition (|) becomes 

so that we are lead to require duo = —n*X- However, the moment map condition 
is in general also incompatible with non- degeneracy of u since it implies that all 
generating vectors V£^{x) with C, a solution of Ad^(a;) C, = —C, have to lie in the kernel 

of UJx- 

We are therefore lead to the following "minimal" definition. 

Definition 2.2. A quasi-Hamiltonian G-space is a G-manifold {M,A) together 
with an invariant 2-form u G Q{M)'^ and an equivariant map /i G G°°{M,G)'^ 
such that: 

(Bl) The differential of lj is given by: 

da; = 

(B2) The map /i satisfies 

(B3) At each x G M, the kernel of Ux is given by 

keiujx = {v^, ^ G ker(Ad/,(^) +1)}. 
We will refer to fj, clS db moment map. 

In the following section we will give some examples of q-Hamiltonian G-spaces. 
Let us, however, first make a remark on the definition. 

Remark 2.1. For ordinary Hamiltonian G-spaces, the defining conditions can be 
expressed elegantly in terms of the de Rham model for equivariant cohomology. Let 
Qq{M) = ^i^Qq{M) be the complex of equivariant differential forms, 

2l+j=k 
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with differential 

(dGa)(0=d(a(0)-^(t;c)«(0- 

Conditions (Al) and (A2) can be summarized by the requirement that = 
uj + (/i, be an equivariantly closed form in VL^{M): 

(8) ^G^cii) = dcu + d(/i, - i{v!:)uj = 0. 

However, one can also take a slightly different point of view and rewrite (H) as follows 

dc^ = duj- l{v^)uj = -d(/i,^) = -/i*XG(0- 

Here xg ^ ^g(0*) an equivariant 3-form defined as Xg(0 = d(a,^), where a : 
g* —>■ g* is the identity map. This latter formulation extends to q-Hamiltonian 
G-spaces; the relevant dc-closed equivariant 3-form xg ^ ^g(^) 

XGiO = x + lio + e,0- 

3. Examples of q-Hamiltonian G-spaces 

3.1. Conjugacy classes in G. Basic examples of Hamiltonian G-spaces are pro- 
vided by coadjoint orbits O C g*. Their q-Hamiltonian counterparts are conjugacy 
classes C C G. 

Proposition 3.1 (Conjugacy classes). For every conjugacy class C C G there exists 
a unique invariant 2-form uj G fi^(C)*^ for which C becomes a q-Hamiltonian G-space, 
with moment map the embedding fi : C ^ G. The value of uj at f & C is given on 
fundamental vector fields v^, by 

(9) Uf{v^, V,) = i ((r^, Ad/ - (e, Mf v)) . 

The 2-form @ on conjugacy classes plays an important role in ||GH JW|| . 

Proof. Clearly u is G-invariant. The fact that (D satisfies condition (B2) is tauto- 
logical because 

ujf{v^,v^) = ^ ( Ad/-i - Adj r/, = ^ ^K) (^/ + 0- 

To check (Bl) consider the projection iTf : G C defined by TTf{u) = Ad„ /. The 
pull-back of u is the left-invariant 2-form 

We have 

7r}du = dnjuj = -^(Adj[e,e],e) + ^{AdjO, [9,6]) 

Using 'n-*j-6 = Ad„j-i 6 — 9 one verifies that this last expression is equal to —t^jX 
which shows (Bl). Suppose next that ^ G g is such that is in the kernel of Uf. 
By definition of u this means 

Ad/^-Adj-i^ = 0, 
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or ,^ G ker(Adj2 —1). The kernel of (Adj2 —1) is a direct sum 

ker(Ad/2 -1) = ker(Ad/ -1) © ker(Ad/ +1). 

For any ^ G ker(Ad/ —1) we have = 0. This shows that the kernel of u;/ is 

given by (B3). Uniqueness of a; is a consequence of (B2) since C is a homogeneous 
space. □ 

Remark 3.1. Since the kernel of the 2-form a; on C has constant rank, it defines 
a distribution on C. It is integrable, with leaves given by the orbits Ad{Zf2) ■ f c 
Ad(G') ■ / as / ranges over C. In particular, if is contained in the center Z[G) 
then the 2-form on C is identically zero. 

3.2. Double D{G). Our next example is a g-Hamiltonian G x G-space which plays 
the same role as the cotangent bundle T*G in the category of Hamiltonian G-spaces. 
Since this new q-Hamiltonian space is a product of two copies of G we often call it 
a double of G and denote by D{G) (alluding to the definition of the double in the 
theory of Quantum Groups). Let 

D{G) ■=GxG 

and let a and h be projections to the first and second factor in the direct product. 
Introduce a G x G-action Ad on D{G) via 

Define a moment map fin = {f^i, /^2) : -D(G) —>■ G^ as 

/ii(a, b) = ab, ^2(0., b) = a^^b^^ 
and let the 2-form ud he defined by 

ujD = ^{a*e, b*e) + ^{a*e, b*e). 

Proposition 3.2 (The double i5(G)). The quadruple {D{G), Ad, IJ-d^^d) is a q- 
Hamiltonian G x G-space. 

Proof. The equivariance of the moment map is immediate from the definition. Using 

(10) nie = Adb-i a*e + b*e, = - Adb a*e - b*e 

we compute 

^ilx = a*x + b*X-l d{a*9, b*e), fi^x = -a*X ~b*X~\ d{a% b*d) 

which gives the required property duD = — Next, let ^ = (^5^2) £ © B and 
the corresponding vector field on D{G). If ,^2 = we find, using ([TI1|), 

l{v^)ujd = \{a*e + b*e + Ad,-i a*e + Ada b*e, ^1) = ^fiiie + e, ^i). 

A similar calculation gives the condition for ,^1 = 0. 

Suppose now that v G T(^a,b)D{G) is in the kernel of u. Let {^,r]) be such that v 
is the value at (a, 6) of the right-invariant vector field v = {v^,v^). The condition 

= L{v)ujD\ia,b) = {Ada + bW, + (Adfo-i a*e + a* 6, r]) 
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gives two equations 
Setting 

« = ^(e + ^) /? = -^Ad,(e-r7). 

we obtain 

(11) ^ = a + Ada/3 , r7 = a + Adfe-i/3. 

Equation ( pT] ) says that v is the value at (a, 6) of the fundamental vector field for 
(a,/3). Moreover, 

a + Adab a = , P + Ad^-ift-i P = 0. 
which shows that (B3) is satisfied. □ 

Remark 3.2. We will also make use of different coordinates on D{G), correspond- 
ing to the left trivialization of T*G: setting u = a and v = ba the action reads 

{u,vy^^^' = igiug^ \ Ad,,v), 

the moment map is 

/ii(-u, v) = Adu V, fi2{u, v) = 
and the 2-form is given by 

ud = ^(Ad„ u*9, u*d) + \{u*e, v*9 + v*9). 

3.3. Prom Hamiltonian G-spaces to q-Hamiltonian G-spaces. In this section 
we show how to construct a q-Hamiltonian G-space from a usual Hamiltonian G- 
space (M, ^, cr, $). The basic Lemma is (see also Jeffrey pl|| ) 

Lemma 3.3. For s E M. let exp^ : g ^ G be defined by exp^^rj) = exp{sri). The 
2-form on the Lie algebra q given by 

1 - d 

is G-invariant and satisfies dzu = — exp*x. If is a fundamental vector field for 
the adjoint G-action on q we have 

(12) l{v^)w = + ^exp*{9 + 9,0. 



We omit the proof at this point since Lemma |3.3| is a consequence of Proposition 
below. 



Proposition 3.4. Let (M, A, cr, $) be a Hamiltonian G-space. Then M with 2-form 
uj = a + (^*w and moment map fi = exp($) satisfies all axioms of a q-Hamiltonian 
G-space except possibly the non-degeneracy condition, (B3). If the differential (i^exp 
is bijective for all ^ G ^{M), (B3) is satisfied as well and (M, ^, cu,//) is a q- 
Hamiltonian G-space. 
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Proof. Equivariance of fi is clear and invariance of uj follow from equivariance of exp 
and $ and invariance of to. Condition (Bl) follows from 

du = da + d$*ro = -$* exp* x = 

and (B2) from the calculation 

i{v^)uj = d(<i>, + 1^* exp*{e + 6,0 ~ d(<i>, = + e,0- 

To check the non-degeneracy condition (B3) suppose that v G T^M is in the kernel 
of u. Then 

(13) i{v)a, = -t{v){<!>*w),. 

Since the 1-form on the right hand side annihilates the kernel of d^^, this equation 
implies that v is cr-orthogonal to ker((i^.$). By (|I]) the cx-orthogonal complement 
to ker((i^$) span of fundamental vector fields v^{x), ^ G g. Letting v = v^{x) and 
using (B2) we arrive at the condition 

(14) $*exp*(^ + ^,O. = 

at X. Pairing with a fundamental vector field Vn{x), we find 

(r/,(Ad^(,)2-l)e) =0 

for all rj, which shows 

e e ker(Ad^(^)2 -1) = ker(Ad^(^) -1) © ker(Ad^(^) +1). 

As we remarked in section |2.2| , solutions of Ad^(a;) ^ = — ^ lead to elements in the 
kernel. Therefore it suffices to consider the case Adf^i^^) ^ = where the condition 
(|1^) reads 

(<l>*(exp*^,O). = 0. 

If $(x) G 0* = is not a singular value of exp this equation says that ^ annihilates 
the image of the tangent map dx^. By ([T|) this means ^ G Qx, that is v^{x) = 0, and 
the proof is complete. □ 

Remark 3.3. Suppose conversely that {M,A,uj,fi) is a q-Hamiltonian G-space. 
Assume also that there exists U <Z Q such that exp is a diffeomorphism from U onto 
some subset V G G containing fi{M), and let log : V ^ U he the inverse. Reversing 
the argument in the proof of Proposition we see that (M, A, u—fi* log* zu, log(/i)) 
is a Hamiltonian G-space in the usual sense. 

4. Properties of q-Hamiltonian G-spaces 

The following result summarizes a number of consequences of Definition |2.2| , anal- 
ogous to (0) for Hamiltonian G-spaces. 

Proposition 4.1. Let {M, A,uj, fi) be a q-Hamiltonian G-space and x G M. For 
any subspace E C T^M let = {f G T^M, uj{v,w) = for all w G E} denote its 
uj-orthogonal complement. 

1. The map ker(Ad^(a;) +1) kertu^^, ^ ^ "V^^ix) is an isomorphism. 

2. ker((i^/i) fl keiUx = {0}. 

3. im(/x*^)^. = 0^. 
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4. (ker^/x)"^ = {v^{x),^ e q}. 
Proof. Observe first that there is an orthogonal sphtting of g, 
Q = ker(Ad^(^) +1) © im(Ad^(^) +1) 

= ker(Ad^(^.) +1) © ker(Ad^(^) -1) © im(Ad^(^)2 -1) 
and that 0^(^.) = ker(Ad^(a:.) -1). 

1. By the non-degeneracy condition (B3) the map is surjective. On the other hand 
if v^{x) = then v^{fi{x)) = by equivariance of the moment map or equivalently 
^ e ker(Ad^(a;) —1) C im(Ad^(2;) +1). This shows injectivity. 

2. Let V G ker(d2:/i) fl kerUx- By 1. we can write v = Vn with t] G ker(Ad^(2^) +1). 
By equivariance of the moment map, = da;/i(w^(x)) = which shows 
V ^ Qfj-ix) = ker(Ad^(2:) —1). Thus t] = and consequently v = 0. 

3. Using the defining equation for the moment map, 

and Property 1. we have 

im{fi*9)^ n im(Ad^(3;) +1) = (Ad^^^) +1) im(/i*6')^ = {^, v^{x) G ker u^}-^ 

= (0^ © ker(Ad^(^) +1))^ = 0^ n im(Ad^(^) +1). 

On the other hand, equivariance of the moment map together with shows that 

im{n*9)^ D im(Ad^(a;)-i -1) = ker(Ad^(:^.) -1)"^ D ker(Ad^(^) +1). 

Since g^; C g^(^r,) = ker(Ad^(^) -1) C im(Ad^(^) +1) so that also D ker(Ad^(^) +1) 
these two equations prove 3. 

4. The inclusion D is a direct consequence from the defining property (B2) of the 
moment map. Equality follows by dimension count: Using 2. and 3., we have 

dim(ker da^/i)"^ = dimM — dimker(da:/i) = dimim(da;/i) = dimg — dim 0a,. 

□ 

Remark 4.1. We shall also need the following refinement of Property 4.: Suppose 
that G is a product G = Gi x G2, and let /i = (/ii,/i2) be the components of the 
moment map. Then 

(kerda;/ii)'^ = {v^,^ G 0i} + keTUJ^. 

To see this note that as a direct consequence of Property 3., im^d^fJ^i) = 0;^ H 0i = 
(01 )x 01 which implies the above equation by dimension count. 

Proposition 4.2. Let [Mj, Aj,ujj, fij) (j = 1,2) be q-Hamiltonian G-spaces, and 
F : Ml M2 an equivariant smooth map such that F*uj2 = ooi and F*fi2 = fJ'i- 
Then F is an immersion. 

Proof. Let x G M. Since F*U2 = tui we have kerd^^F C ker(u;i)a,.. Since F*fi2 = fii, 
Lemma |4.1| shows that d^F restricts to an isomorphism ker(a;i)a: = ker(ti;2)_F(a;). It 
follows that ker da;F fl ker(co'i)a; = {0}. □ 

Corollary 4.3. If {M, A,uj, fi) is a q-Hamiltonian G-space on which G-acts transi- 
tively, the moment map fi is a covering onto a conjugacy class C G G. 
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Proof. Let x G M and / = fi{x). By equivariance is a submersion from M onto 
C = Ad(G) ■ /. (B2) shows that uj is the pull-back by /j, of the 2-form on C. Therefore 
fi is an immersion by Proposition [4 .21 . □ 

Proposition 4.4 (Inversion). If {M,A,uj, fi) is a q-Hamiltonian G-space then the 
quadruple {M, A, —uj, fi~^) , is also a q-Hamiltonian G-space. 

Proof. This is an immediate consequence of the fact that under the inversion map 
Inv : G ^ G, g ^ g^^ 

Inv* e = -e, Inv* e = -e, Inv* X = -X- 

□ 

We denote the q-Hamiltonian G-space given in Proposition |4.4| by M~ . Note that 
if C is the conjugacy class of / G G then is the conjugacy class of f~^. 

All of the above results are natural analogues of well-known facts about Hamil- 
tonian G-spaces. The following Theorem introduces a nontrivial automorphism of 
q-Hamiltonian G-spaces that does not have a counterpart for Hamiltonian G-spaces. 
As we shall see later, this automorphism corresponds to Dehn twists of 2-manifolds. 

Theorem 4.5 (Twist automorphism). Let {M,A,uj,fi) be a q-Hamiltonian G- 
space. The map 

is a diffeomorphism satisfying Q*uj = u, Q*fi = fi. 

Proof. By equivariance of the moment map, Q*fi = Ad(/x)/i = fi. The map x ^ 
jg g^j^ inverse to Q so that Q is a diffeomorphism. The tangent map to Q is 
given by 

dxQiv) = dxAf,(x)V + v^{Q{x)) 

where ^ = L{v){fi*6)x G 0. Letting Vj G T^M be two tangent vectors and = 

L{vj){jj.*6)x, we find that the expression Q*Ua:{vi,V2) = ujQ{x){dxQivi),dxQ{v2)) is 
the sum of the following four terms: 

plus 

^^^Qix){v^^{Q{x)),dxA^(^x)V2) = ^L{dxAf,(^x)V2)fJ'*{0 + 9,^i)q(x) 

= ^L{v2)fi*ie + e,Adig-')^,)x 

= i(Ad(/i(x)-i)6 - 6, Ad(^(x)-i)ei) 

= l(ei,e2-Ad(Mx))e2) 

minus the same term with vi, V2 exchanged, plus 

^^KW(^)))^*(^ + ^,^i)QW = ^(ei,Ad(Ma:)-^)6-Ad(/i(x))6). 
Adding up all contributions we find Q*uJx{vi,V2) = uJx{vi,V2). □ 
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Remark 4.2. If G is a product G = G1XG2 one has a twist automorphism for every 
factor: That is, both maps x 1— > x^^^^^ are equivariant diffeomorphisms preserving fi 
and u. 

On q-Hamiltonian G-spaces one can define G-invariant Hamiltonian vector fields. 

Proposition 4.6 (Hamiltonian dynamics). Let {M,A,uJ,fi) be a q-Hamiltonian G- 
space. For every G-invariant function F G G°°(M, M)*^ there is a unique smooth 
vector field Vp satisfying the following conditions: 

(15) l{vf)uj = dF , L{vF)fi*0 = 0. 

The vector field vp is G-invariant and preserves uj and /i. 

Proof. By Proposition ^4.1| , Property 1 the map 

A: TM ^ T*M ® Q, v ^ {t{v)uj, L{v)^i*e). 

is injective. Its image defines a smooth sub-bundle E C T*M © q. We need to 
show that X ^ (d^-F, 0) defines a section of E, the corresponding vector field vp is 
then just the pre-image under A. Since F is G-invariant, dxF annihilates the space 
{fg(x),^ G g} C TxM and in particular the kernel kercj^,.. This shows that dxF is 
contained in the image of the map Tj.M T*M, v ^— l{v)uJx. Let Vq G T^M with 
d^F = t{vo)uJx. and set ^ := L{vo){fi*9)x- For all G g we have, using once again 
that F is invariant. 



= L{v^)dxF = -l{vo)l{v^)uJ:, = -^i{vo)n*{9 + 9,r])x = -^(^ + Ad^(^)-i ^, 77) 

which shows ^ G ker(Ad^(a;) +1). Consequently Vi := v^{x) G ker a;a; and v = fo + l "^i 
still solves l{v)u!x = dxF. Using (B2) we have 

t{vKfi*9)x = l{vo + \ v^){^*9)x = e + ^(Ad^-i e - = e - e = 

so that V solves A{v) = (d^^F, 0). This shows that {dxF,0) is in the image of A. 

G-invariance of fi;' follows by the G-invariance of its defining equations. The 
equation 

CvF^ = {di^vp) + L{yp)d)uj = ddF — l{vp)^*x = 

shows that the 2-form u is fi?- invariant. Invariance of /x is equivalent to invariance 
of the G-valued 1-form ^*9: 

jC^^fi*9 = {dL{vp) + L{vp)d)n*9 = L{vp)fi*[9, 9] = 0. 

□ 

5. q-Hamiltonian reduction 

In this Section we show that the usual Hamiltonian (Meyer-Marsden-Weinstein) 
reduction procedure can be carried out for q-Hamiltonian G-spaces. We assume that 
G is a product G = Gi x G2 and we consider reductions with respect to the first 
factor. Given / G Gi let Zj C Gi be its centralizer and 3 / the Lie algebra. Let M 
be a q-Hamiltonian Gi x G2-space, with moment map {fii, (12). Suppose that / G Gi 
is a regular value of /xi, so that jJ'i^if) is a smooth submanifold. Proposition |0 
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shows that for all x G fii^{f), the isotropy algebra {qi)x is trivial, i.e. {Gi)x C Zj 
is a discrete subgroup. It follows that the reduced space Mj = fi^^{f)/Zf is an 
(j2-equivariant orbifold. Not surprisingly Mf is a q-Hamiltonian G2-space: 

Theorem 5.1 (q-Hamiltonian reduction). Let M be a q-Hamiltonian GixG2-space 
and let / G Gi be a regular value of the moment map : M ^ Gi. Then the pull- 
back of the 2- form u to fi^^(f) descends to the reduced space 

Mf = ^i-,\f)/Zf 

and makes it into a q-Hamiltonian G2-space. In particular, if G2 = {e} is trivial 
then Mf is a symplectic orbifold. 

Proof. Let l : * M denote the embedding and vr : i^i^{f) Mf the 

projection. The form l*uj is Zf x G2-invariant because u is Gi x G2-invariant. 
Moreover if ^ ^ 3/, 

(because /ii oi : /ij~^(/) — *■ {/}) implies that c*uj is Z/-basic. Let tOf G ^^(M/)'^^ be 
the unique 2-form such that 7r*a;/ = l*uj. The restriction 1*^2 is Zf x G'2-iiivariant 
and descends to an equivariant map (/U2)/ G G°°{Mf, (^2)*^^ satisfying (B2). Letting 
Xi, X2 be the canonical 3- forms for Gi, G'2, we have 

TT*dujf = dL*uj = L*duj = -L*{nlxi + 1^*2X2) = -1*14X2 = -7r*(/i2)}X2 

so that ujf satisfies (Bl). Finally, we need to check the non- degeneracy condition 
(B3) for ujf. The kernel of ujf at a point 7t{x) G Mf is just the projection of 
da;7r ker(i*co')^. Using Remark ^?T|, 

ker(t*u;)^ = ker(da;/ii) fl ker(d^/ii)'^ 

= ker(d^/ii) n {{v^{x), ^ G gj + ker u;^.) 

= Tx{Zf ■ x) + {vnix)\r] G ker(Ad^2(^) +1)}. 

□ 

Remark 5.1. The proof shows that if M satisfies the conditions for a q-Hamiltonian 
Gi X G2-space except for (B3), the reduced space Mf is still well-defined and satisfies 
(Bl) and (B2). 

Let us consider a few examples of q-Hamiltonian reduction. 

Example 5.1. 1. For a conjugacy class M = C G G, the reduced space Mf is a 
point if / G C, empty otherwise. 

2. Let M = D{G) be the double defined in the previous section, with moment 
map fiD = ifJ'i, f^2)- Consider the reduction with respect to the second G-factor, 
H2^{f)/Zf. Since fi2^{f) = {{a, f~^a~^)\ a G G}, with Zf acting diagonally 
from the right and the first G acting diagonally from the left we find that the 
reduced space is the conjugacy class through the element f~^. 

3. It follows from the proof that if M satisfies (Bl) and (B2) but not necessarily 
(B3), the reduced space Mf is still well-defined and satisfies (B1),(B2). For 
example let (M, A, cr, $) be a Hamiltonian G-space, and let (M, A, oo, fi) be the 
q-Hamiltonian G-space obtained from it, with /i = exp($) and u = a + ^*w. 
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Recall that even if a is non-degenerate uj can fail to satisfy condition (B3). 
Suppose / is a regular value of both fi : M ^ G and exp : g ^ G. Then 
all pre-images /i G exp~^(/) are regular values of $, and the q-Hamiltonian 
reduction Mf is symplectic and is a disjoint union 

exp fJ.=f 

This follows from the fact that the pull-back of the extra term ^*tu to fi^^{f) 
vanishes. 



Remark 5.2. The q-Hamiltonian structure on Mf can also be obtained as follows. 
Let r be the 2-form on the conjugacy class C = Ad(G) ■ / and let l : yU]"^(C) — M 
and 71 : fii^{C) jJi^{C)/G be the embedding and projection. Then 

IT UOf = L [00 — T). 



Remark 5.3 (Hamiltonian Dynamics commutes with reduction). The Hamilton- 
ian dynamics defined on M by a Gi x G2-invariant Hamiltonian F descends to 
the reduced space Mf. Indeed, the corresponding vector field vp descends to i^i^{f) 
because it is G-invariant and tangent to fii^{f). Moreover, the restriction of the 
Gi X G2-iiivariant function F to fJ'i^if) is Zf x G2-invariant and descends to an 
G2-invariant function Ff on Mf satisfying 

TT*dFf = L*dF = L*l{vf)uJ = TI* L{T[{vFj))oJf 

and 

T:*L{vF^){^i2yfO = l{vf)l*^i19 = 0. 
It follows that Gi X G2-invariant Hamiltonian dynamics commutes with reduction. 



6. Fusion product 

In this section we introduce a ring structure on the category of q-Hamiltonian G- 
spaces. We call it a fusion product because it provides a finite-dimensional "classical 
analogue" to fusion products of representations of quantum groups at roots of unity, 
and to fusion products of positive energy representations of loop groups (see ||MW1| 
and Section ^ below). 

Theorem 6.1 (Fusion product). Let M he a q-Hamiltonian G x G x H -space, with 
moment map jj, = (/ii, /X2, /^s)- Let G x H act by the diagonal embedding {g,h) — > 
{g,g,h). Then M with 2-form 

(16) u = u + ^{fil9,^i;9) 
and moment map 

(17) /t= (/ii-/i2,/i3) : M^Gx/7 



is a q-Hamiltonian G x H-space. 
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Proof. The moment map fi is equivariant because the group multiphcation is an 
equivariant map with respect to the action by conjugations. Property (Bl) follows 
from 

(18) igig2rx = 9lx + 92X - \^ {glO, gW). 

thus 

du; = -filx - fJ'lx - fJ'lx + ^d{fil6, file) = -li*x- 

For ^ G and ?7 G f) let f|, f| and denote the fundamental vector fields for the 
action of the respective factors of G x G x if. The fundamental vector field for the 
diagonal G-action is just the sum = + f|. Clearly 

L{Vr^)Q = l{v^)uJ = ^fll{6 + 0,7]) 

which verifies (B2) for the if-factor. Moreover, 

= ^fiUe + 9,0 + If^liO + 9,0 + ^(Ad^-i e - m - ^{^19, e - Ad^, 

= l{],,],,y{9 + 9,0. 

Finally, we need to check that a) satisfies the non-degeneracy condition (B3). Sup- 
pose the vector v G T^M is in the kernel of Ux (We will omit the basepoint x to 
simplify notation): 

(19) = i{v)Q = i{v)uj + ^{i{v)fil9,fi;9) - ^{fil9,L{v)fi;9). 

Let ( G ker(Ad^^ +!)> so that G kercj^.. Contracting (|I9|) with t;^ we find 
= l{vI) {fxl9,Liv)fx;9) = ((Ad^-i -l)C,iiv)fx;9) = -2{C i{v) i^*^) . 
This shows 

i{y)]j*^ G ker(Ad^, +1)^ = im(Ad/,i +1). 
A similar argument applies to L{v)]i{9. We can therefore choose ^1,^2 G g with 

(20) l{v)]i*^ = (Ad^-i +1)6, L{v)]il9 = -(Ad^, +1)6 
which turns (|19|) into 

^^(^ + ^,6) + ^/ 

Changing ^1,^2 if necessary it follows that f = + v"^^ + for suitable 6)^2 G Q 
and 7] G ker(Ad^3 +1). Re-inserting this into equations (PDj ) we find 

(1 - Ad^j6 = (1 + Ad^-oei, (1 + Ad^j6 = (1 - Ad^^oei- 

Adding these equations gives 6 = C2, and then either equation shows the non- 
degeneracy condition 

□ 



i{v)u = -]^l{9 + 9,^,) + -iil{9 + 0,6) = i{vl)u + i{vl). 
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We call the operation of replacing the G x G x if -action by the G x if-action on 
a manifold M internal fusion, and denote the resulting space by M12 (in particular 
if there are more G-factors involved). Given two q-Hamiltonian G x if^-spaces Mj 
we define their fusion product Mi ® M2 to be the q-Hamiltonian G x Hi x ii2-space 
obtained from the q-Hamiltonian G x Hi x G x ii2-space Mi x M2 by fusing the 
G-factors. 

Remark 6.1. 1. Let {pt} denote the trivial G-space, with moment map pt ^ e. 
Then M ® {pt} = M = {pt} ® M for every q-Hamiltonian G-space M. 
2. Suppose M is a q-Hamiltonian G x G x H-space. Then (M~)i2 = (M2i)^. 

The fusion operation is associative: Given q-Hamiltonian G x Hj-spaces Mj we 
have 

(Ml ® M2) ® M3 = Ml ® (M2 ® M3) 

More generally if M is a q-Hamiltonian G x G x G x //-space, the two q-Hamiltonian 
G X if-spaces M(i2)3 obtained by first fusing the first two G-factors and Mi(23) 
obtained by first fusing the last two G-factors are identical. The new 2-form on M 
in either case is given by 

We shall now show that the fusion product is also commutative on isomorphism 
classes of g-Hamiltonian G-spaces. Switching the two G-factors in Theorem |6.1| 
before fusing we obtain a Hamiltonian G x ff-space M21 with the same action, but 
moment map {fi2 ■ fJ'i, f^s) and 2-form 

If G is non-commutative the identity map M — > M does not provide an isomorphism. 
However, we have the following result. Let A^yA^: G ^ Diff(M) denote the actions 
of the two G-factors. 

Theorem 6.2 (Commutativity of the Fusion Product). Under the hypotheses of 
Theorem |6'. j| the map 

R : M^M,x^A%(,){x) 
is a G X H-equivariant diffeomorphism satisfying 

(21) R*{n2fXl) = /il/i2, R*IJ'3 = /is, 

(22) R*{uj + ^{fi;e,fii0))=co + ^{fii9,fi;e). 

Thus R gives an isomorphism R : M12 — ^ M21 of q-Hamiltonian G x H -spaces. 
Proof. By equivariance of the moment map i? is G x i7-equivariant, and we have 

R*^i = /ii, i?*/i2 = Ad(yUi)yU2, -R*/i3 = /is- 
proving (^l]) . To prove (^2]) we note that the tangent map to R is 

d.R{v) = d,Al^,){v) + vliRix)) 
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where f| is the fundamental vector field of ^ := L{v){fil6)x with respect to A^. By 
a calculation similar to that in the proof of Theorem we find 



iR*uJ){v^,V2) = coiv^,V2) + ^ ( Ad(/ir')ei, 6 + Ad(/i2)e2) 

-i ( Ad(/ir^)G, ^1 + Ad(/i2)6) - I (^1, Ad(/X2)6 - Ad(/i2 
with = L{vj){fil9), thus 

(23) /2*cu = + ^(/it^, fi;{9 + 9)- Ad(/i2)K^)- 
Furthermore 

i?*^;6' = + Ad(/ii/i2^)/iI6' + Ad(;Ui)/i;6' 

so that 

(24) R*{fi;9, fil9) = {Ad{fi,')fil9 + fi;9, fil9) = {ii\9, Kd{ii2)li\9 - fi;9). 
Adding ( ^Bf ) +| ( [2^ ) proves the theorem. □ 
We leave it to the reader to check that the map 

R': M^M, x^4^(,)-.(x) 



has just the same properties (pT]), (22) as the map R. We will call R,R' braid 
isomorphisms. 

Example 6.1. Let us apply internal fusion to the double D{G). Fusing the two 
G-factors we get a q-Hamiltonian G-space D(G) := D{G)i2 which is just G^, with 
G- act ion 

(a, by = (Adgfl, Adg6), 

moment map 

fx{a,b) = aba~^b^^ = [a,b], 

and 2-form 

uj = ^{a*9, b*9) + ^{a*9, b*9) + ^{{aby9, {a-'b-'y9). 

The braid isomorphisms in this case are given by 

R : D(G) ^ D(G), (a, 6) ^ (ar^a^S ab^) 



R! : D(G) ^ D(G), (a, 6) (a^^r^a, b'^a) 

Remark 6.2. It is interesting to re-examine q-Hamiltonian reduction in connection 
with fusion. Suppose M is a q-Hamiltonian G x G x iJ-space, with moment map 
(yUi, /i2, /Us)- Suppose that e is a regular value of n := /ii/i2- Then the diagonal 
action of G on /i~^(e) is locally free, hence M// diag(G) := /i~^(e)/ diag(G) is an 
if-equivariant orbifold and /is descends to M// diag(G). We claim that the pull-back 
of u to /i~^(e) is basic and that the induced form u// diag(G) makes M// diag(G) 
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into a q-Hamiltonian if-space. In fact, since the pull-back of the additional term in 
(P^) to /i^^(e) vanishes, the claim follows immediately from 

M//diag(G) = (Mi2)e. 

Let us also observe that just as in the category of Hamiltonian G-spaces there is 
a shifting-trick for q-Hamiltonian reduction: If [M, A,uj, fii, fi2) is a q-Hamiltonian 
G X if-space, then / is a regular value for ni if and only if the identity e is a regular 
value for the moment map on M ® C~ where C = Ad{G) ■ /, and in this case there 
is a canonical isomorphism 

Mf^{M® C-)e = (M X C-)// diag(G). 

7. Cross-sections and convexity 

One of the basic tools in the study of Hamiltonian G-spaces is the cross-section 
Theorem of Guillemin-Sternberg, which is a method of reducing problems to sub- 
groups of G. 

In this section we prove a cross-section Theorem for q-Hamiltonian G-spaces and 
explain its relation to convexity theorems for the moment map. 

Let (M, A, uj, fi) be a q-Hamiltonian G-space and let f & G. Since the centralizer 
Zf G G is transversal to the conjugacy class C = Ad(G) ■ / there exists an open 
Z/-invariant subset U (Z Zf containing / and and an equivariant diffeomorphism 

G XZfU G, [g,u] ^ gu 

onto an open subset of G. By equivariance of /i, the pre-image fi^^{Zf) is a smooth 
Z/-equivariant submanifold Y C M, and there is a natural diffeomorphism G Xz^ 
Y ^ M onto an open subset. In analogy to the cross-section theorem of Guillemin- 
Sternberg we have 

Proposition 7.1 (Cross-section theorem). Let {M, A,uj, ^) be a q-Hamiltonian G- 
space, and f G G, U G Zf as above. Then the cross-section Y := ii~^{U) is a smooth 
Zf -invariant submanifold, and is a q-Hamiltonian Zf -space with the restriction of fi 
as a moment map. In particular, if Zf is abelian the cross-section is symplectic. 

Proof. All conditions for a q-Hamiltonian Zj-space are immediate except the non- 
degeneracy condition (B3). Let l : Y ^ M he the inclusion. For all y G Y the 
tangent space T^{y)G splits into a direct sum 

T^(,)G = T,C©K(Ml/))|^G3/}- 

Consequently 

(25) TyM = TyY®{v^iy)\^eij}. 

The second summand is mapped under dyfi to a subspace of the tangent space to 
conjugacy class Ad(G) ■ fi{y). If f G TyY, ^ G 3j we have 

because i{dyiJ,{y)){6 + 6) G 3/, so that the decomposition (p5[) is c<j-orthogonal. Thus 
if f G ker l*uo then also v G ker a;. Using that M satisfies (B3) this shows v = for 
some ^ G 3/ satisfying Ad(yu(x))^ = — ^. □ 
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Remark 7.1. Instead of the restriction fJ^\Y, one can also use the shifted moment 
map fi = It satisfies fl{x) = e for all x G fi^^{f). Remark applies and 

shows that Y is locally equivalent near fi~^{f) C V to a Hamiltonian Zj-space in 
the usual sense. 

Suppose now that the group G is in addition connected and simply connected. 
Then there are canonical choices for the cross-sections constructed as follows. Let 
T C G be a maximal torus of G, with Lie algebra t, and t+ some choice of a positive 
Weyl chamber. Every Ad(G)-orbit in g passes through a unique point of t+ so that 
t_i_ = g/ Ad{G). Let 21 C t+ be the fundamental Weyl alcove. Every conjugacy class 
C G G contains a unique point of exp(2l) C T so that we can identify 

21 = G/ Ad(G') 

as the space of conjugacy classes. For every open face a C 21 the centralizer ^exp(5) 
with ^ G (T is independent of ^ and will be denoted Z^r. For a in the interior of 21 
we have Z^r = T. Introducing a partial order be setting cr ^ r if a ^ r we have 
a T ^ Zfj (Z Zti vci particular every Zfj contains T. Let us write 

and 

= Ad(Z.)exp(2l.). 

Then f/o- C Zg- C G is smooth, and is a slice for the Ad(G)-action at points in a. In 
particular, for every g eU^ we have Kd{G)g fl t/o- = Kd{Z„)g. 

Remark 7.2. Let us consider in particular the cross-section Y = Yfj for a = int2l. 
The T-action over Y extends by equivariance to a G-equivariant T-action over the 



open subset G ■ y C M. In fact, it is Hamiltonian in the sense of Proposition [46 . 
To see this let g : G ^ G / Ad(G) = 21 be the quotient map. Note that q is smooth 
over G • f/o- for a = int 21. Using |7. 1| , it is clear that the components oi qo ^ generate 
the T-action just described. In the case of moduli space these T-actions are known 
as the Goldman flows See e.g. ||M W 1|| for a discussion and references. 



The above fact that the cross-sections are equivalent, after shift of the moment 
map, to Hamiltonian spaces in the usual sense implies in particular that Kirwan's 
theorem on convexity and connectedness of fibers of moment maps applies to every 
connected component of the cross-section. 



Using an argument as in | MW1 | we can show that the cross-sections for a con- 
nected, simply connected compact Lie group are necessarily connected, which then 
has the following consequence. 

Theorem 7.2 (Convexity Theorem). Let {M,'Ql,uj, fi) be a connected q- 
Hamiltonian G-space, where G is compact, connected and simply connected. 
Then all fibers of the moment map fi are connected, and the intersection fi{M) fl 21 
is a convex polytope. 

We will not give the detailed argument here since, as the following section shows, 
it is indeed just a translation of the argument given in ||1V1W1| into the terminology 



of q-Hamiltonian G-spaces. Note that the fibers of n are not necessarily connected 
if G is for instance a torus. 
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8. Relation to Hamiltonian LG-spaces 

In this Section we prove that there exists a one-to-one correspondence between 
q-Hamiltonian C-spaces and Hamiltonian LG-spaces with proper moment map. So, 
one always has a choice either to work with infinite-dimensional objects (LG-spaces) 
and more conventional definitions (Hamiltonian spaces) or to use finite-dimensional 
objects and the new definitions (q-Hamiltonian G-spaces). 

8.1. Loop group LG: notations. Let G be a compact Lie group. We define the 
loop group LG as a space of maps 

LG = Map(5\G) 

of a fixed Sobolev class A > 1/2. Then LG consists of continuous maps and the 
group multiplication is defined pointwise. Its Lie algebra is the space of maps 
Lq — VP{S^,q) of Sobolev class A. We define Lq* as the space of 1-forms 

Lq*^9}{S\q) 

of Sobolev class A — 1. The natural pairing of Lq* and Lq given by 

(A,o= / (AO 

makes Lq* into a subset of the topological dual {Lq)* . 

We view Lq* as the affine space of connections on the trivial bundle x G and 
let the loop group LG act by gauge transformations: 

^AdgA- g*e. 

Let 

Hoi : Lq* ^G 

denote the holonomy map. Recall that if we identify = R/Z and let s eR denote 
the local coordinate, Hoi = Holi where Holg : Lq* ^ G is defined as the unique 
solution of the differential equation 

RolsiA)-' I- Hol,(^) = A, Holo(A) = e. 

OS 

On constant connections A = ^ds (for ^ E q) the holonomy map restricts to the 
exponential map: Hols(^ds) = exp(sO- The map H0I5 satisfies the equivariance 
condition 

(26) RoUA')=9{0)iioUA)9{s)-\ 

in particular the holonomy map Hoi = Holi is equivariant with respect to the 
evaluation homomorphism LG G, g ^ g{l) and the adjoint action of G on itself. 

Let the based loop group QG C LG be defined as the kernel of the evaluation 
mapping LG G, g h- g{l). Then LG is a semi-direct product LG = QG xi G. 
The action of QG on Lq* is free, and the quotient map is just the holonomy map. 
Thus Hoi : Lq* — > G is the universal QG-principal bundle. Consider now the closed 
three-form x ^ Q^{G). Since Lq* is an affine space the pull-back HoFx to Lq* 
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is exact. An explicit potential for Hoi* % is given as follows. Define the following 
2-form on Lq*: 

w^^J^'ds{Roi:e, ^Hoi:^). 

Proposition 8.1. The 2-form w is LG-invariant and its differential is given by 

(27) dzu = - Hoi* X- 

Its contraction with a fundamental vector field & Lq) is given by 

(28) l(v^)w = (A, O + l Hoi* (^ + e, m) 

The proof of this proposition is deferred to the appendix. 
8.2. Equivalence theorem. 

Definition 8.2. A Hamiltonian LG-space is a Banach manifold N together with 
an LG-action A, an invariant 2-form a £ Q^(M)^*^, and an equivariant map $ e 

C~(iV,L0*)^^ such that: 

(CI) The 2-form a is closed. 

(C2) The map $ is a moment map for the LG-action A: 

(C3) The form a is weakly non-degenerate, that is, the induced map cr^ : T^N 
T*N is injective. 

We will show in this section that every Hamiltonian LG-space with proper moment 
map determines a q-Hamiltonian G-spacc and vice versa. Since the action of the 
based loop group QG C LG on Lq* is free, its action on N is free as well and we 
can form the quotient 

M = Ro\{N) := N/VlG. 

If the moment map $ is proper then Hol(A^) is a smooth finite-dimensional manifold. 
We denote by Hoi the projection Hoi : iV ^ B.o\{N). Since G = LG/VlG the 
diagram 

LGxN )► N 

(29) 

G X Hol(A^) > Hol(iV) 

defines a G-action Hol(A) on Hol(A^) and the diagram 

N yLg* 

(30) I 

Ro\{N) y G 
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a G-equivariant map Hol($) : Hol(A^) G. The following result says that 
holonomy manifolds of Hamiltonian LG-spaces with proper moment maps carry 
canonically the structure of q-Hamiltonian G-spaces. 

Theorem 8.3 (Equivalence Theorem). Let (A^, A, a, $) be a Hamiltonian LG- 
space with proper moment map and let M = Hol(A^) be its holonomy manifold, 
with G-action A = Hol(A) and map fi := Hol($). The 2-form on N 

(31) a + ^*w 

is basic with respect to the projection Hoi : N M, and is therefore the pull- 
back Horu; of a unique 2-form uj on M. Then {M,A,uj,fi) is a q-Hamiltonian 
G-space. Conversely, given a q-Hamiltonian G-space (M, A, uj, fi) there is a unique 
Hamiltonian LG-space {N, A, a, $) such that M is its holonomy manifold. 



Proof. Since zu is LG- invariant the 2-form (|3ll) is LG-invariant. Moreover if ^ ^ Lq, 
we have by (|28|) 

(32) L{v^){a + <^*w) = d{^,0 + ^*Liv^)^ 

This shows that a + (^*w is basic, and that the 2-form on M defined by it satisfies 
condition (B2). Condition (Bl) is a consequence of dcr = and (|27|): 

Hoi* dcu = d Hoi* u = da + $*dw = -$* Hoi* x = - Hoi* fi*x- 

It remains to check the non- degeneracy condition (B3). The kernel of uj is the push- 
forward by the tangent map dHol of the kernel of the form cr -|- $*Ct7. Suppose 
V G TyN is in the kernel. Then 

Since the 1-form on the right hand side annihilates the kernel of dy$ this equation 
says V G keT{dy^Y . Using cross-sections for Hamiltonian LG-actions |[MW1| , |MW2|| 
one sees that ker((iy$)°' = Ty{LG ■ y), just as for finite dimensional Hamiltonian 
G-spaces. Hence there exists ^ G Lg with v = v^{y). By ( |32D we arrive at the 
condition 

$* Hoi* (0 + ^,^(0)) = 0. 

Applying an arbitrary vector field to the left hand side one finds that 

^(0) G ker(Ad/2 -1) = ker(Ad/ -1) © ker(Ad/ +1) 

where / := Hol(<l>(y)). For every with ^(0) G ker(Ad/+l), the vector is in 
the kernel of a and the projection by dHol of such vectors is the space {w^ G 
T}ioi{y)M, 7] G ker(Ad/— 1)}. It remains to show that if ^(0) G ker(Ad/ — 1) and 
G kera then ^(0) = 0, so that v^{y) G Ty{QG ■ y). Let G be defined by 

r/(s) :=Ad(Hol,($(?/)))e(0). 

Since rj — ^ E flQ the fundamental vector field Vrj{y) still lies in ker cr^,. On the other 
hand, using Proposition |8. 1| and Lemma |A.l|in the Appendix the value at $(?/) of the 



fundamental vector field on Lq* lies in kerci7$(j^). Therefore G kercr^, and by 
non-degeneracy of ay finally Vjj{y) = 0. This completes the proof that {M, A,u, fi) 
is a q-Hamiltonian G-space. 
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Suppose conversely that we are given a q-Hamiltonian G-space {M, A,uj, fi). De- 
fine N as the pull-back of the universal f2G-principal bundle Hoi : Lq* ^ G by the 
map /i. In other words, is given by the fiber product diagram (^). Define $ as 
the upper horizontal arrow in (|30D . There is a unique LG-action A on such that 
$ is equivariant and such that the diagram ( ^9]) commutes. Explicitly, it is induced 
from the LG-action on M x Lg* given by 

g:{x,A)^{x^^'\A^). 

The 2-form a is reconstructed from equation (PT]): 

a = RoTuj - $*Ct7. 



where Hoi is the left vertical projection in (pOl). The above argument, read backwards 
shows that is a Hamiltonian LG-space with proper moment map, and in fact 
M = B.o\{N). □ 

The most basic examples of Hamiltonian LG-spaces are provided by coadjoint LG- 
orbits O for the affine action on Lq*, equipped with the Kirillov-Kostant-Souriau 
symplectic structure. All such orbits are preimages O = HoP^(C) of conjugacy 
classes in C C G, and conversely the holonomy manifold of the orbit O is just the 
conjugacy class C. By construction, the corresponding G-action is the restriction 
of the adjoint action of G and the moment map fi is the embedding into G. By 
Theorem |8.3| the conjugacy class C inherits from O a quasi-Hamiltonian structure. 



By Proposition 3.1 such a structure is unique and is described by formula (0). We 



have proved the following proposition: 

Proposition 8.4. Let O = Hol~^(C) be an orbit of gauge action in Lq* . The 
corresponding holonomy manifold coincides with the conjugacy class C <Z G. The 
induced quasi-Hamiltonian structure is given by 



9. Moduli spaces of flat connections on 2-manifolds 

In this section we apply our techniques to describe the symplectic structure on the 
moduli spaces of flat connections on Riemann surface. Suppose S is an oriented 2- 
manifold with non-empty boundary = U^^q^- '^^^ space AfiatiX') C. fl^(T,,Q) 
of fiat G-connections on E x G is invariant under the action of the gauge group 
^(S). Let pj G Vj be given base points on the boundary components and let the 
restricted gauge group QresiX') consist of gauge transformations that are the identity 
at the pj's. The quotient M(E) = Afiati'^) /GresiX') is a smooth, finite dimensional 
manifold - in fact M(S) = G^*^'""'"^-' where k is the genus. It carries a residual G^~^^ 
action, and the holonomies around the Vj descend to a smooth equivariant map 
fi : M(S) G''^^. Given a collection of conjugacy classes C = (Cq, . . . ,Cr) C G"^^^ 
the quotient 

(33) M{E,C) = f^~\C)/G'+^ 

is the moduli space of fiat connections with prescribed holonomies, which according 
to Atiyah-Bott [ |AB| | carries a natural symplectic structure. In this section we con- 
struct the q-Hamiltonian structure on the moduli space of fiat connections M(S). 
The moduli spaces M(S,C) with holonomies in prescribed conjugacy classes C are 
obtained by q-Hamiltonian reduction from M(S). The main result of this section 
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is Theorem which identifies M(Z1) as a fusion product of a number of copies 
of the double D{G). The upshot is that we arrive at an exphcit finite-dimensional 
description of the symplectic form on the moduli space. For similar constructions 
see e.g. 0, ||KS|| , and ||GH JW|| . For complex Lie groups there is an alternative 



finite dimensional construction due to Fock-Rosly ||FoR|| , using ideas from Poisson 
geometry. 

9.1. Gauge-theoretic description. We start by recalling the gauge-theory con- 
struction of the symplectic 2-form on M(E, Cq, . . . , C^), following Atiyah-Bott |[AB 



Let S be a compact connected oriented 2-manifold with boundary components 
Vq, . . . and P ^ S a principal G-bundle. For simplicity we assume that P is the 
trivial bundle S x G although the following discussion goes through for non-trivial 
bundles as wellQ. Fix A > 1 and let denote 0- valued differential forms of 

Sobolev class A — j. Then the gauge ^(S) = Map(S, G) is a Banach Lie group mod- 
eled on Lie(^(E)) = fi°(S,g). Consider the space of connections A{T,) = Q^{T,,q) 
affine Banach space, with smooth ^(S)-action given by 

A^ = Adig)A-g*e. 

The space ^(S) carries a natural symplectic form 

a{a,b) = j aAb, a, 6 G r4^(E) ^ ^^(S, g) 

for which the ^(E)-action is Hamiltonian, with moment map 

(34) {^{A),0 = I (curv(A), + [ {AO, ^ e ^"(S, g) 

here curv(A) G fi^(S,g) denotes the curvature and we have taken the orientation 
on dT, opposite to the induced orientation. Let us choose a base point pj for every 
boundary component Vj, and let HoF(A) G G denote the holonomy of A along the 
loop based at pj and winding once around Bj. Given conjugacy classes Cq, . . . ,Cr C 
G let 

(35) M(S,Co, ... ,Cr) = {Ae A{E)\ curv(A) = 0, HoP(A) G Cj}/^(S) 

be the moduli space of fiat connections with holonomies in Cj. Since the holonomy 
of a G-connection on 5*^ is determined up to conjugacy its gauge equivalence class 
M(E,Co,... ,Cr) is a symplectic quotient. It does not depend on the choice of 
Sobolev class A and is finite-dimensional and compact, but sometimes singular. (For 
technical details, see e.g. [|AB| , pK|| .) 



Let us suppose for the rest of this section that r > 0, i.e. that E has at least 
one boundary component. This assumption can be made without loss of generality 
because if dH = and E is the 2-manifold obtained from E by removing a disk, 
there is a natural identification M(E) = M(E, {e}). 

The condition dH ^ implies that the subset AfiatC^) of fiat connections is a 
smooth Banach submanifold of finite codimension. Let 

l : Afiati^) ^ AiJ:) 



^Recall that if G is simply connected, every G-principal bundle over E is trivial. 
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denote the embedding. Define the restricted gauge group Qres{^) as the kernel of 
the evaluation mapping 

(36) g{E)^G''^\g^{g{po),... ,9{pr)). 

In other words Qresi^) consists of gauge transformations that are the identity at the 
given base points. Set 

Since the action of Qres{^) is free, it is not very hard to check that M(S) is a finite 
dimensional, smooth manifold - in fact we will see below that it is isomorphic to 
Q'^ik+r) y^iiQYe k is the genus of S. From the original ^(E)-action we have a residual 
action A of Q{'E)/Qres{'^) — G^^^, and the collection of holonomy maps HoF(A) 
descends to an equivariant map /i : M(E) C""*"^. We have 

M{E,Co,...,Cr)=fi~\Co,...,Cr)/G'-+\ 

Theorem 9.1. There is a natural G^^^ -invariant 2-form uj on M(S) for which the 
quadruple (M(S), cu, /i) is a q-Hamiltonian G^'^^ -space. 

Proof. Choose orientation and base point preserving parametrizations Vj = of 
the boundary circles and let 

R,: A{J:)^n\S\g)=LQ* 

denote the restriction mapping to the jth boundary component. For any g G Qres{^) 
the restriction to the jth boundary component is in the based loop group QG. 
Equation (0) and Proposition show that pull-back L*a to Afiat{^) of the 2-form 

r 

(37) a = a + Y^ R*w 

j=0 

on A{T,) is ^res(S)-basic, and is therefore the pull-back of a unique invariant 2-form 
UJ G r2^(M(S)) which satisfies (Bl) and (B2). The non- degeneracy condition (B3) 



is verified along the lines of the proof of Theorem ^.3| . Let vr : Ajiati^) — M(S) 
denote the projection. The kernel of u at tcIA) is the image under dvr of the kernel 
of L*a. 

Suppose V G T^Afiati^) is in the kernel of L*a. By definition of a this implies 
that L{v)aA annihilates kerd^\E' C TAAfiatiX')- Consequently v G ker(d^\E')'^. The 
cr-orthogonal complement of ker(dA^I/) is equal to the tangent space to the orbit 
through A. Hence v = for some ^ G Lie(^(S)). As in the proof of Theorem |8.3| 
this implies ^{pj) G ker(Ad(Hol(\E'(pj))^) — 1) for all pj, and we conclude C,{pj) G 
ker(Ad(Hol(\E'(pj)) + 1), proving the non-degeneracy condition. □ 

Our next result that M(S,C) is a Hamiltonian reduction from M(S). 

Theorem 9.2. The moduli space M(S,Co, . . . ,Cr) is a q-Hamiltonian reduction of 
M(S) corresponding to the conjugacy classes (Co, . . . ,Cr) C G^'^^. 

Proof. Let Oj = HoP^(Cj) C Lg* denote the coadjoint LG-orbits corresponding to 
the conjugacy classes Cj, and Qj their Kirillov-Kostant-Souriau symplectic forms. 
Let t : Z C Afiat{^) denote the set of fiat connections such that HoF(A) G Cj, i.e. 
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RjA G Oj. Let TT : Z —>■ M(S,Co, . . . ,Cr) be the projection. By definition of the 
symplectic form ared on M(S, Co, . . . , C), 

r r 
j=0 i=0 



By Proposition p.4| , fi^ ■ + = Hoi* Ljj, where cjj is the unique 2- form which defines 
a quasi-Hamiltonian structure to Cj. Since Holoi?^ = HoP, this shows 



By the Remark in Section |5.2| this Equation shows that ared coincides with the 2- 
form obtained by q-Hamiltonian reduction from the space M(S) equipped with the 
2-form uj. □ 

Remark 9.1. Suppose that G is simply connected. Then the restriction mapping 
g{T) g{dJ:) = LG''+^ is surjectlve. Let ^o(S) be its kernel. Then := 
AfiatC^) I ^o(S) is a Banach manifold and is a Hamiltonian LG^"'"^-space with proper 
moment map (see e.g. [pc| , |MW1|| ). Its holonomy manifold is the finite-dimensional 



G'^"'"^-space M(E). See ||MW2|| for applications of M(S) in this context. 



9.2. Holonomy description. Our next goal is to make the q-Hamiltonian struc- 
ture of M(S) more explicit. We start by introducing coordinates on M(S). Choose 
a system of smooth oriented paths Uj from -p^ to [j = ■ ■ ■ i"^) on and loops 
Aj, Bi (i = 1, . . . , A;) based at such that 

1. The paths f/-,-, Vj,Ai, Bi meet only at po. 

2. Letting E' denote the closed 2-manifold obtained from S by capping off the 
boundary components, the fundamental group vri(S') is the group generated 
by the Ai,Bi, modulo the relation Y[i=i i-^iy -^d — ^■ 

3. The path Vb is obtained by catenation: 

V-i = U,V^U^' ■ ■ ■ U,,V,U;' [Ai, 5i] ■ ■ ■ [A,, Bk]. 

Up to ^res(S)-gauge equivalence, every fiat connection on S is completely deter- 
mined by the holonomies Oj, hi, Uj, Vj along Ai, Bi, Uj,Vj (i = 1, . . . , k, j = 1, . . . , r), 
and conversely every collection realized by some fiat connection. Con- 

sequently we have 

M(S) = G''(''+'=) 

with coordinates (oj, 6,, uj, f j). The action of {go, ... ,g.r)E is given by 

(38) aj t-> Adgo Oj, hj t-> Ad^^ 6^-, t-^ goUjg'^, Vj ^ Adg^ vj 
and the components of the moment map /i are 

(39) Hj{a,b,u,v) = vj^ , (j = l,...r) 

^o{a,b,u,v) = Adu^ vi - ■ ■Adu,Vr[ai,bi] - ■ ■[ak,bk]. 

We now construct a q-Hamiltonian structure on M(E) as follows. Take r copies of 
the double D{G) = G"^, with coordinates {uj,Vj) as in Remark p.2| , and k copies of 
its "internal fusion" D(G) = G^, with coordinates (a^, 6,) as in Example |6.1| . Recall 
that D{G) is a q-Hamiltonian G x G-space with moment maps (f~^, Ad^j vj) while 
D(G) is a G-space with moment map [oj, bi]. Fusing the D{G)'s with respect to the 
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second component of the G x G-action in each copy together with all D(G)'s we 
obtain a q-Hamiltonian G^'+^-space with action given by ( |5BD and moment map by 

9.3. Equivalence of the gauge theory construction and the holonomy con- 
struction. We will now prove that the fusion product from the preceeding subsec- 
tion gives indeed the correct 2-form. 

Theorem 9.3. Let H he a smooth 2- dimensional orientable manifold of genus k 
with r + 1 boundary components. Then the moduli space M(S) = Afiati^)/Qres{^) 
is canonically isomorphic to the fusion product 

(40) D{G)®---D{G)®B{G)®---B{G). 

^ ^ ' » ^ ' 

r times k times 

Proof. Let P denote the polyhedron obtained by cutting E along the paths Uj,Ai 
and Bi. The boundary dP consists of 3r + 4A; + 1 segments: 

(41) dP = UiV.U^' . . . UrVrU^'A^B^A^'B^' . . . AkB^A-^B-^V^. 

Since P is contractible, every flat connection A on S determines a unique function 
il) e Map(P, G) such that 

(42) A = rO, ^{po)=e 

Choose an orientation- preserving parametrization dP = [0, 1] such that Pq = 0, and 
let ips denote the value of ip\dP at s G dP. As before let l : AfiatiX') ^ ^(J^) 
denote the inclusion. 

Lemma 9.4. The pull-back of symplectic form a to the submanifold of fiat connec- 
tions is given by the formula 



For a proof of this result see e.g. |[AM 



To proceed we introduce some more notation. Suppose A = [sq, Si\ C [0, 1] is a 
subinterval, and c := iIjs^ and d = c~^ipsi- Then 

satisfies Equation ( ^21) with initial condition '?/'(so) = e instead of ip^po) = e. Set 
= c~^ips and define 

Then 



(43) = WA + ^{c*9,d*l 
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Lemma |9.4| asserts that L*a = togp, while the 2-form a on A{Ti) that gives to the 
q-Hamiltonian structure on the moduh space M(S) satisfies 



(44) 



L*(7 = VjQp — ^ ^ 
3=0 



Wy-l. 



Using ( ^5D we evaluate this equation as follows. Combine the segments (^T|) of the 
boundary dP to the following r + 1 + k loops on S: 



Ui-kVi_kUA 



I = 

l<i<k 

k+l<i<k+r 



For i = 0, ... k + r + 1 let ti E [0, 1] such that Aj = [tj, tj+i], and let Cj := ip^ and 
(ij = c'^^Ci+i. Then 

(45) 



fc+r 



i=l 



1 



Let us first consider the contribution of the loops A^+j for j = 1, 
application of (H3) we have 



r. By another 



^A,+, = tI7^,. +tI7y^. +tI7^-l + ^(M*^^,(t;,-M/)*0) + ^(t;;^,(M/)*^^^ 

= w, + ^(Ad,^, u;e, u*e) + ^{u*e, v*e + v*e)}. 

In the first line contributions zutt. and Wrr-i cancel each other due to the difference 

in orientation. The term wy- cancels the corresponding contribution to (^ 
remaining expression gives the 2-form on the double D{G). 

Next, we analyze the contribution of Aj = Ai Bi A^^B^^ for i = 1, . . . ,k: 



. The 



+ ^{{a,b,re,iaj%'r9) 



= l{ia*9,b*e) + ia*e,b*e) + {{a.h^ye, {aj^'ye)). 

The last line reproduces the 2-form on D(G). Finally, the contribution cancels 
the corresponding term in (^4|). We have shown that the 2-form 5" is a pull-back of 
the sum of r copies of the 2-form on D{G), along the maps Ui,Vi, and of k copies of 
the 2-form on D(G), along the maps a^, bi. The cross terms ^{c*9, d*6) are precisely 
the extra terms coming from fusion (0). This completes the proof of Theorem 

□ 

Suppose now that we are given a tuple of conjugacy classes C = (Co, . . . ,Cr). 
Recall that the reduction of D{G) at Cj is equal to C^^. Theorem |^ together with 
Theorem |9.2| show that the moduli space M(S,C) is a q-Hamiltonian reduction. 



M(E,C) = (Co- 



^C" ®D(G) 



D(G))e. 
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In particular, the moduh space for the sphere with d holes is the reduction of a ci-fold 
fusion product of conjugacy classes. This fits nicely with the well-known similarities 
of this space with the symplectic reductions of a d-iold product of coadjoint G-orbits. 

9.4. Action of the mapping class group. Let Diff(S) denote the group of ori- 
entation preserving diffeomorphisms of S, with the C^-topology. Its Lie algebra is 
the space of vector fields that are tangent to the boundary. The action 

Diff(S) X ^(S) ^ ^(S), A* = {<j)-^yA 

preserves the 2-form a, and is Hamiltonian with moment map 

mA),X) = - [ {cmv{A),L{X)A)- [ {A,l{X)A) 

for X G Lie(DifF(S)). It also acts on the gauge group ^(S) by f?"^ = {(f)~^)*g, 
and combines with the gauge group action to an action of the semi-direct product 
e?(E) X Difr(S). 

Consider the smaller group Diffj.es (S) consisting of all (f) G DifF(S) that pre- 
serve the base points {po, • • • ^vA up to permutation. Its action descends to M(S), 
and combines with the action of C"*"^ to an action of the semi-direct product 
C"^^ X Diffres(S), where Diffj,es(S) acts on G^'^^ by permuting factors. Clearly 
the Diff,.es(E)-action preserves uj and permutes the components of /x. However, the 
action of the identity component Diff^g^(Zl) = Diffres(S) nDiff°(S) on M(S) is triv- 
ial because every G Diff°(E) is connected to the identity by a smooth path 0^, and 
because the fundamental vector field fx of X G Lie(Diffres(S)) is equal to for 
^ = —l{X)A G Lie(^(S)). All that remains is therefore the action of the mapping 
class group r(S) = Diffres(S)/ Diff°gj,(S), and we obtain an action of the semi-direct 
product 

X r(s). 

preserving u. The action of the "pure" mapping class group, i.e. the kernel of 
the homomorphism r(S) S{po, . . . ,pr) to the permuation group, descends to a 
symplectomorphism of the reduced spaces M(S, Cq, . . . , Cr). 

The action of r(S) can be described explicitly in terms of coordinates on M(E). 

Example 9.1. According to Theorem ^]3| the moduli space M(S) for S = Sq the 
2-holed sphere is just the double D{G) considered in the previous section. The 
element a is interpreted as parallel transport along a path from pi G Vi to P2 ^ V2, 
while ab is the holonomy around the boundary component V2. The map 

S : D{G) D{G), (a, 6) ^ {a-\b-^) 

corresponds to a diffeomorphism exchanging Vi and V2: Indeed it satisfies S*uj = 
u, but switches the G-factors so that S*{iJ.i,jj,2) = (/U2,/ii) and S{{a,bY^'^'^^^) = 
{S{a,b))^^^'^^\ Another interesting action is given by 

Q : D{G) D{G), (a, 6) ^ {aba,a-^). 

This action by Q is equivariant and preserves both the 2-form and the moment 
map. It corresponds to a diffeomorphism which rotates one of the boundary circles 
by 27r while leaving the other one fixed. Since D{G) acts as the identity under 
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diagonal reduction (that is, (M ® D{G))e = M) this explains the existence of the 
twist automorphism, Theorem I 



Example 9.2. The fusion operation Mi ® M2 can be viewed as a diagonal G^- 
reduction 

(Ml X M2 X m{j:1))//g'^. 

with respect to two of the three boundary circles of Sq. Choosing an element 
of the mapping class group exchanging these two boundary circles we obtain a 
q-Hamiltonian isomorphism M(Sq) — > M(Sq) exchanging two components of the 
moment map. It descends to a q-Hamiltonian isomorphism Mi ® M2 M2 ® Mi. 
This is the origin for the braid isomorphisms discussed in Section ^. 

In [ [MW2|| , a fusion operation was introduced for Hamiltonian LG-manifolds with 



proper moment maps. Letting A^(Sq) be the Hamiltonian LG'^-manifold associated 
to Sq, the fusion product of two Hamiltonian LG-manifolds Aii and is the 
diagonal LG^-reduction 

Mi®M2 = {Ml XM2X M{T.l))//LG^] 

it is a Hamiltonian LG-space with proper moment map. (By contrast, the moment 
map for the direct product M.ixM.2 with diagonal LG-action is not proper and does 
not have the correct equivariance property.) The holonomy manifold of M.i ® M.2 
is 

Hol(A^i ® M2) = Hol(A^i) ® Hol(A^2). 

10. Relation to Poisson-Lie G-spaces 

In this Section we establish a connection between the theory of Poisson-Lie groups 
and the theory of q-Hamiltonian G-spaces. Although these two theories are not 
equivalent to each other, the definition of a Poisson-Lie G-space can be rewritten in 
a form very similar to the definition of a q-Hamiltonian G-space. 

10.1. Poisson-Lie G-spaces. We begin with a short exposition of the theory of 
Poisson-Lie G-spaces of J.-H. Lu and A. Weinstein 0, |LW |. As for q-Hamiltonian 



spaces, the target of the moment map is a non-abelian Lie group. 

Throughout this section G denotes a connected and simply connected compact 
Lie group and T C G a maximal torus. The inner product ( , ) on q induces a 
complex-bilinear form, still denoted ( , ) on its complexification q^. We will regard 
g*^ as a real Lie algebra, and let G^ be the corresponding Lie group. Let n C g*^ be 
the sum of root spaces for the positive roots and a := t. Write A = exp(a) and 
N = exp(n). We have the Iwasawa decompositions 

= G'^ = GAN = ANG. 

The pairing of the subalgebra a © n with g given by the imaginary part of ( , ) 

(C, r]) = Im(C, v) , Ceo©n, r/Gg. 

is nondegenerate, and identifies a©n = g*. Let G* = AN C G*^ be the corresponding 
simply connected subgroup. We denote the projection to the first factor by a : G* ^ 
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A. According to Drinfeld the isomorphism g'' = © 0* means that G is a Poisson- 
Lie group, and G* its dual Poisson-Lie group. By the Iwasawa decomposition any 
element can be uniquely written as a product of elements of G* and G: 

G^ = G*G. 

Left-multiplication of G on G'^ induces an action of G onG* = G'^/ G which is known 
as the (left) dressing action (this terminology is due to Semenov-Tian-Shansky). We 
denote the fundamental vector fields for the dressing action by f^. 

We will use the same notation 6, 6 for the Maurer-Cartan forms on G*^ and its 
subgroups. This does not lead to ambiguities since the Maurer-Cartan form on a 
subgroup of a group is just the pull-back of the Maurer Cartan-form on the group. 
Sometimes we denote the Maurer-Cartan forms on G* by 6g*,0g* for clarity. Let 

xc = ^io, [e,e])en%G''x) 

Definition 10.1 (Lu). A Poisson-Lie G-space is a G- manifold (M, ^) together with 
a 2-form uj G fl'^{M), and an equivariant map fi G C°°{M, G*) such that the following 
conditions are fulfilled: 

(Dl) The form u is closed. 
(D2) For all ^ G g, 

(D3) The form u is non-degenerate. 

The map /i is called a Poisson-Lie moment map. 

The factor of 2 is introduced into (D2) in order to simplify the comparison of 
the definition of a Poisson-Lie G-space to the definition of a q-Hamiltonian G-space 
with P-valued moment map. 

Remark 10.1. 1. The 2-form uj is not invariant. Rather, the point of the defini- 
tion is that the action map A becomes a Poisson map Q. 
2. Just as for q-Hamiltonian G-spaces, there is a ring structure on the category 
of Poisson-Lie spaces. Given two Lie- Poisson G-spaces Mi, M2 there exists the 
structure of a Lie-Poisson G-space on Mi x M2 with symplectic form the sum 
Ui + UJ2 and moment map the pointwise product /ii ■ ^2- The G-action is not 
simply the diagonal G-action but is "twisted". See e.g. [[b'KI . 



3. The moment map for Poisson-Lie G-spaces has the properties 
(46) Im(/i*^),, = gO, ker(d,/i)'^ = {^(x), ^ G g}- 

The proof is analogous to that for Hamiltonian G-spaces. 
10.2. q-Hamiltonian G-space with P-valued moment maps. As we explained 



in Remark |2.1| , the possibility of choosing X = g* or X = G as target space for 
a generalized moment map relies on the existence of a natural equivariantly closed 
equivariant 3-form xg on X. In this subsection we present another example of a 
target X with this property. 

Let r : G*^ — > G^ denote the Cartan involution, defined by exponentiating the 
complex conjugation mapping g*^ g*^, and let / : G*^ — > G^ denote the map 



LIE GROUP VALUED MOMENT MAPS 31 

^9 — t{9~^)- We will also use the notation Ig = g'^ since for G = SU(iV) the 
complexification is = S1(A^, C) and the map / is Hermitian conjugation. Let P 
denote the symmetric space 

The adjoint action of G on G'^ leaves P invariant. Let p : P ^ G'^ denote the 
embedding. Set 

0p^p*9, ep^p*eeQ\p,f) 

and define a 3- form xp ^ ^^{P) by 

XP-^p*Im(^,[^,^]). 

For all ^ ^ Q, the complex conjugate of the 1-form {9,^) G Q}{G'^,C) is —{1*9,^). 
Therefore the 1-form {9 + 1*9,^) is purely imaginary. On P the map / is trivial, so 
that {9p + 9p,^) is purely imaginary. Put differently, 9p + 9p takes values in 
The equivariantly closed extension of xp is the 3-form xp,g £ ^g(-^) defined by 

XpMO = xp + A^p(^P + dp, 0- 

Definition 10.2. A q-Hamiltonian G-spacc with P-valucd moment map is a mani- 
fold M equipped with a G-action A, a 2-form up G Q'^{M) and an equivariant map 
Hp G C°°{M, P)^ such that: 

(El) The differential of a;p is given by: 

da;p = -h*pXp- 

(E2) For aU ^ G 0, 

l{v^)ujp = n*p{0p + 0p, 0- 

(E3) The form ujp is non-degenerate. 

The map fip is called a P- valued moment map. 

Since G by assumptionis connected, equivariance of the moment map hp together 
with conditions (El) and (E2) imply invariance of the 2-form uup: 

jO,V(i^P = i{v^)du!p + dL{v^)u!p 

= ;,^(-,(^;^)Xp+^-^d(^P+^P,0) =0. 

10.3. Equivalence of Poisson-Lie G-spaces and q-Hamiltonian G-spaces 
with P-valued moment map. In this subsection we prove the equivalence of the 
definitions of a Poisson-Lie G-space and of a q-Hamiltonian G-space with P-valued 
moment map. Consider the map 

j:GC^P, j{b)^bbl 

It turns the left G-action on G'^ into the adjoint action on P and restricts to an 
equivariant diffeomorphism G* = P. Let k, : G* ^ G'^ denote the embedding. 
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Proposition 10.3. Let {M, A,uj, fi) be a Poisson-Lie G-space. Then the manifold 
M equipped with the same G-action A, moment map 

lip = j o fj, : M P 

and 2-form 

Up = uj + ^fi*K,*im {re, 6) 

is a q-Hamiltonian G-space with P-valued moment map. 

Proof. The map /ip is equivariant because it is tlie composition of two equivariant 
maps. To clieck (El) observe first that 

(47) 3*xc = xc + rxc~\d{re,e). 

Taking imaginary parts this shows j* Im^c = — \ Imd(/*^, 6). Therefore 

dujp = duj + ^d/i* Im(J*^, 9) = Im xc = -fJ'*pXP 

in accordance with (El). By Lemma |10.4| below the imaginary part of the 1-form 
l{vI)k*{9,I*6) on G* is given by 

l{vI)k* lm{e, re) = Ak* Im(^, - f^*3* Im(^ + ^, 0- 
Using this fact together with (D2) we compute 

which gives (E2). To verify (E3) let v G keT{ujp)x, that is, 

l{v)u = —l{v)- Im {I*9g*, Og*)- 

Since the right hand side of this equation annihilates the kernel of dx^i, this shows 
that V G \iei{dxli)^ . By (46) this implies that v = v^{x) for some ^ G fl. Using (E2) 
we arrive at the condition 

(48) = L{vi:)up = — L_^;^(0p + ^p,e). 



Contracting this Equation with for r/ G g shows 

iv, Ad^^(^) ^ - Ad^^(^)-i = 

for all rj, or 

^ G ker(Ad^^(^.)2 -1) = ker(Ad^^(^) -1) © ker(Ad^^(^) +1). 

Since the eigenvalues of Ad^p(i.) are nonegative real numbers, the space 
ker(Ad^p(i,.) +1) is trivial. Hence Ad^p(^x) ^ = ^ • For such ^ the above equation 
becomes 

o = fi*p{Op + Op,0 = 2fiUOp,0- 

By (D2) this equation shows l{v^)uj = 0, and finally f ^ = by non-degeneracy of u, 
proving (E3). □ 
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One can easily reverse the argument and show that the structure of a q- 
Hamiltonian G-space with P-valued moment map defines the structure of a Poisson- 
Lie G-space on the same manifold. In the proof we used the following Lemma: 

Lemma 10.4. The contraction of the fundamental vector field f| for the dressing 
action with the 2-form k,*{I*6,6) on G* is given by the formula 

(49) i{vl)K*{re,e) = 2K*{e + re,o ~ K*j*{e + 6,^. 

Proof. We compute: 

tivl)K*{re, 9) = {L{vl)K*r9, k*9) - {k*I*9, Livl)K*9) 

(50) = {t{vl)K*{9 + 1*9), K*9) - {K*r9, i{vI)k*{I*9 + 9)) 

-{l{v\)k*9, k*9) + {K*r9, L{v\)K*r'9) 

The last two terms in this expression cancel, for the following reason. It is easy to 
see that one of them is a complex conjugate of the other. We will show that the 
first one is real which ensures the cancellation. Indeed, the subalgebra n equals the 
kernel of the bilinear form (, ) restricted to a © n. Hence 

{l{v\)k*9,k*9) = {L{vl)a*K*9,a*K*9) 

which is real since the restriction of (, ) to a is real-valued. To compute the first two 
terms in (pO|) observe that 

1*9 + 9 = Adba*0 

which gives 

(51) l{vI)k*{9 + 1*9) = Adb-i e - Ad,t e 
Therefore 

L{vl)K*{r9,9) = K*{9 + r9- Ad^hV)-^ 9- Adb 1*9,0 . 
Combining this with 

(52) j*{9 + 9)= Ad(fet)-i 9 + Adb 1*9 + 9 + 1*9 

completes the proof of the Lemma. □ 

10.4. Equivalence of q-Hamiltonian G-spaces with P-valued moment map 
and Hamiltonian G-spaces. Let us note that the space P has two important 
properties: 

1. P is contractible. Hence, the closed 3-form xp is exact. 

2. The restriction of the exponential map exp : g'^ — > G"-" to V—1 Q C is 
invertible and has image P. Let k : P ^ v^—Tfl be the inverse map, and 
identify \/— 1 g = g* by means of the pairing Im( , ). 

Using these facts one can convert a q-Hamiltonian G-space with P-valued moment 
map into a usual Hamiltonian G-space. 

Proposition 10.5. 1. There exists a canonical G-invariant 2-form r on P such 
that: 

dT = Xp, i'{vi)'T = d{>i:,0 - ^-^={9p + 9p,0. 
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2. Let {M, A, fip,ujp) be a q-Hamiltonian G-space with P-valued moment map. 
Then the manifold M with the same G- action A, moment map 

11 = X o Hp : M Q* 

and 2-form 

U = Up + jJ*pT 

is a Hamiltonian G-space. 

This was proved in In fact, the proof is essentially as that of Proposition 
^ since the restriction of the exponential map to \/—1q is invertible. Propositions 



10.3| and |10.5| reduce the theory of Poisson-Lie G-spaces to the usual theory of 



Hamiltonian G-spaces. 

Appendix A. Properties of the form zu 



In this Appendix we give the proof of Proposition jST^ concerning the properties 
of the 2-form 

uj = ^j\s{Ro\:9, ^Hoi:^) 

on Lq*. We will need the following properties of the pull-back of 6 under Holg: 

Lemma A.l. (Properties o/Hol*6'.j Let Ag : Lq* — > Lq* the action defined by 
g G LG. Then 

(53) A*g Hoi: e = Ad(c/(0)) Hoi: 6. 

The contractions with fundamental vector fields (for C, & Lq) are 

(54) L{vi:) Hoi: e = ^(0) - Ad(Hol,(A))^(s). 

For any ( G Lq* , viewed as a constant vector field on Lq* , one has 

(55) i{C)Eo\*J= [ Ad(Hol{A))C{u) du. 

Jo 

Proof. For h E G let Rh, Lh : G ^ G he the left-resp. right multiplication by h. 
By the equivariance property (^61) and right-invariance of 9, we have 

Al Hoi: e = Hoi: Ll^o)Rlis)-~0 = Hoi: M{gmO = M{gm Hoi: d. 

By another application of (PB[), the tangent map c^aHoIs satisfies 

(dAHol,)(t;5) =e(0)Hol,(A) -Hol,(A)e(s) 



which implies (|5^). For the third identity write Hols(y4 + tQ = (j)s{tQYio\s{A) so 
that 

.(C)Hoi:^= (rfAHol,)(C) Hol,(A)-^ = ^^^^J>,{tC). 
Differentiating the defining identity 

Hol,(A)-Vs(tC)~'^(0s(tC)Hol,(A)) =A + tC 
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with respect to t at t = gives 

Ad(Hol;i)^(6(r/)Hoi:^)=C 
Applying Ad(Hols) and integrating from to s gives (|55D . □ 
We now give the proof of Proposition 



Proof. LG-invariance of zu follows immediately from ( pS]) . The differential is com- 
puted as follows: 

-1 a 1 A-i 



= 1^ d.(Hoi:[^,^], ^Hoi:^)-i^ d.(Hoi:^, ^Hoi:[^j]) 

= ^l^s (Hoi: [9, 9] , ^ Hoi: 9)-^- Hor ( [9, 9] , 9) 



= -lHor([^,^],^) = -Horx. 

Given ^ G we have, by partial integration 

= ll'ds {l{v^) Hoi: 9, ^ Hoi: 0) - ^ j^' ds (Hoi: 9, ^^l{v^) Hoi: 9) 

= ds {i{v^) Rorj, ^ Hoi:^) - ^ Hor(^, Liv^)9) 

= ^'d.(e(0)-Ad(Hoge(^), ^Hoi:^)-lHor(^-^,e(o)) 
= l(Hor(^^ + ^),e(o))-^'(e(^),Ad(Hoi;^)^Hoi:^). 

By (H) we have for all C e T^Lg* = Lg* 

^(0 I'm, Ad(Hol;^) ^Hoi:^) = l\as)X{s)) = i{Odj{A, 
which concludes the proof. □ 
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